Let G be a connected graph with vertex set V (G). The degree distance of G is defined and d(u, v) denotes the distance between u and v. Here we characterize n-vertex unicyclic graphs with girth k, having minimum and maximum degree distance, respectively. Furthermore, we prove that the graph B n , obtained from two triangles linked by a path, is the unique graph having the maximum degree distance among bicyclic graphs, which resolves a recent conjecture of Tomescu.
Introduction
Topological indices and graph invariants based on the distances between the vertices of a graph are widely used in theoretical chemistry to establish relations between the structure and the properties of molecules. They provide correlations with physical, chemical and thermodynamic parameters of chemical compounds [4] .
Let G = (V , E) be a simple connected undirected graph with |V (G)| = n vertices and |E(G)| = m edges. The distance d (v, u) between vertices v and u is defined as the length of a shortest path between them. The eccentricity ε(v) of a vertex v is the maximum distance from v to any other vertex. The diameter diam(G) of a graph G is the maximum eccentricity over all vertices in a graph. Let deg G (v) denote the vertex degree of v in the graph G. For v ∈ V (G), G − v denotes the graph obtained from G by deleting v and the edges incident with v. For other notations in graph theory, we follow [1] .
The Wiener index of a connected graph G is defined as the sum of all distances between unordered pairs of vertices u and v, i.e., The Wiener index is one of the most used topological indices with high correlation with many physical and chemical indices of molecular compounds (for a recent survey on the Wiener index see [5] ).
The parameter D ′ (G) is called the degree distance of G and it was introduced by Dobrynin and Kochetova [6] and Gutman [7] as a weighted version of the Wiener index
where
In fact, when G is a tree on n vertices, the Wiener index and degree distance are closely related by D ′ (G) = 4W (G) − n(n − 1) (see [7] ).
Let P n and S n denote the path and the star on n vertices, respectively. A connected graph G with n vertices and m edges is called unicyclic if m = n; G is called bicyclic if m = n + 1.
The degree distance of graphs is well studied in the literature. In [8] , the degree distance of partial Hamming graphs was obtained. Tomescu [12] presented the graph with minimum degree distance among all connected graphs and disproved a conjecture posed in [6] . In [2] the authors reported the minimum degree distance of graphs with given order and size. Dankelmann et al. [3] presented an asymptotically sharp upper bound of the degree distance of graphs with given order and diameter. In [14] , Tomescu obtained the minimum degree distance of unicyclic and bicyclic graphs. Hou and Chang [17] obtained the maximum degree distance among unicyclic graphs on n vertices. For other extremal properties of the degree distance see [15, 18] .
In this paper, we further study the degree distance of unicyclic and bicyclic graphs. The paper is organized as follows. In Section 2 we derive two graph transformations, while in Section 3 we present an elegant proof of a result from [17] on the degree distance of unicyclic graphs with given girth. In addition, we also obtain the minimum degree distance of unicyclic graphs with given girth. In Section 4, we determine the maximum degree distance among bicyclic graphs, thus resolving a conjecture of Tomescu from [13] .
Graph transformations
Let H and H ′ be two disjoint connected graphs such that |V (H)| ≥ 1 and |V (H ′ )| ≥ 1. Let us have w ∈ V (H) such that deg H (w) ≥ 2, and u ∈ V (H ′ ). Suppose that P = wv 1 v 2 . . . v p is a pendant path of length p ≥ 1 attached at w, and the edge wu is connecting H and H ′ . We denote this resulting graph by G (see Fig. 1 ). Let G ′ = π (H, w, P, H ′ ) be the graph obtained from G by removing the edge wu and inserting the edge v p u. We call such
The following result was stated in [7] without proof. We present a proof here for completeness.
with equality if and only if deg G (w) = 2.
The only vertices that change degree after performing the π-transform are w and v p . Let
The contribution of vertex w to the degree distance of graph G is equal to while its contribution to D
For the vertex v p , in the graph G we have 
since deg G (w) ≥ 2 and thus |V (H)| > 1. This completes the proof.
Let T ̸ ∼ = P n be a tree on n vertices. By repeated application of Theorem 2.1, we easily get that 
with equality if and only if deg G (u) = 1. 
with equality if and only if deg G (u) = 1 and |V (H)| = 1. This completes the proof.
Let T ̸ ∼ = S n be a tree on n vertices. By repeated application of Theorem 2.2, we easily get that
Degree distance of unicyclic graphs
Let U n,k be the set of all unicyclic graphs of order n ≥ 3 with girth k ≥ 3. By L n,k , we denote the graph obtained from C k and P n−k+1 by identifying a vertex of C k with an end vertex of P n−k+1 . We denote by H n,k the graph obtained from C k by
The authors in [16] determined the extremal graphs with the maximum and minimum Wiener index among n-vertex unicyclic graphs with girth k.
 .
If k is odd, then
The left equality holds if and only if U n,k ∼ = H n,k , and the right equality holds if and only if
The following formulas are easy to verify:
, if k is odd.
Maximum degree distance of unicyclic graphs
with equality if and only if U n,k ∼ = L n,k .
Proof. Using the π -transform in Theorem 2.1, we can deduce that among n-vertex unicyclic graphs with given girth, the maximum degree distance is achieved exactly for some sun graph
The vertices of S have degrees 1, 2 or 3. We can ''pair'' the vertices of degree 3 and the vertices of degree 1, as the starting and terminal vertices of paths attached to the cycle. Assume that n i > 0 for some i = 1, 2, . . . , k. Let w i be the terminal vertex of the path attached at v i . Then,
When calculating the degree distance invariant, from (2) we have
After collecting all these sums, using
It is obvious that the maximum of
2 , with equality if and only if there is only one pendant path attached to the cycle C k . Yu and Feng proved in [16] that L n,k is the unique extremal unicyclic graph on n vertices with girth k that has maximal Wiener index. Therefore, L n,k also has maximal degree distance among n-vertex unicyclic graphs with girth k and D
Using the above proof, combined with Theorem 3.1, we get
if k is even; Proof. From the proof of Theorem 3.2, it follows that
with equality if and only if k = n − 2 or k = 3. On the other hand, it is proved in [16] that L n,3 is the unique extremal unicyclic graph on n vertices that has maximal Wiener index. This completes the proof.
Minimum degree distance of unicyclic graphs
Theorem 3.4. Let G be a unicyclic graph on n vertices with given girth k. Then
with equality if and only if G ∼ = H n,k .
Proof. Using the σ -transform in Theorem 2.2, we can deduce that among n-vertex unicyclic graphs with given girth, the minimum degree distance is achieved exactly for graphs H = H(n, k; n 1 , n 2 , . . . , n k ), obtained from a cycle C = v 1 v 2 . . . v k with n i ≥ 0 pendant vertices attached at v i (i = 1, 2, . . . , k). From (1), we have
Notice that the sum
where v is an arbitrary vertex of a cycle C k .
Further,
with equality if and only if n j = 0 for all j ̸ = i, that is, H ∼ = H n,k .
From the above, it follows that
Equality holds in (5) if and only if for each 1
In that case, equality holds also in (4), which implies that n j = 0 for each j ̸ = i, i.e., H ∼ = H n,k .
Finally, we get
with equality if and only if H ∼ = H n,k .
Using the above proof, combined with the formulas for W (C k ) and
if k is even;
Corollary 3.5 ([14]). Let U be a unicyclic graph of order n
≥ 4. Then D ′ (U) ≥ 3n 2 − 3n − 6.
The equality holds if and only if U ∼ = H n,3 .
Proof. We only need to prove D
The cases n = 4 and n = 5 easily follow by direct calculation, since D
If k is even, let
Then f − 3n + 2 > 0 for n ≥ 6. It follows that f (k) is a strictly increasing function for n ≥ 6 and
Similarly, if k is odd, let
Then g
, and g ′ (k) attains its minimum value at k = 4 or k = n. It is easy to see that
is a strictly increasing function for n ≥ 6 and
, and the result follows. 
Degree distance of bicyclic graphs
In [13] , Tomescu proposed the following conjecture. Šoltés in [10] determined the extremal graphs with maximum Wiener index among graphs with given order and size. Fig. 3 ).
Conjecture 4.1. Among all n-vertex bicyclic graphs, the graph B n obtained from two triangles linked by a path has the maximal degree distance (see
We now resolve this conjecture. We define D *
Lemma 4.2. Let v be a vertex of a bicyclic graph G on n ≥ 4 vertices. Then
Proof. The proof is by induction on n. If n = 4, then G ∼ = K 4 − e and it is easy to check that statements (i) and (ii) hold. Similarly, we directly verify the induction hypothesis for five bicyclic graphs on n = 5 vertices. Thus, assume n ≥ 6.
Case 1: v is a pendant vertex. Let w be its neighbor. Clearly G − v satisfies the inductive hypothesis, and so
which is part (i). Part (ii) follows similarly:
Case 2: v is not a pendant vertex. Since deg G (v) ≥ 2, there are at least two vertices at distance 1 from v, and the remaining vertices have distance at most 2, 3, . . . , n − 2 from v. Hence
which implies (i). To prove (ii), define f i to be the sum of the degrees of the vertices at distance i from v in G, where i ∈ {0, 1, 2, . . .}. Clearly,
It is easy to see that, subject to these conditions, the sum ∑ i≥1 if i is maximized if f 1 = 3, f i = 2 for i = 2, 3, . . . , n − 3, and f n−2 = 5. Hence 
Proof. From the definition, we have
So the result follows. 
which implies the result. 
Hence,
From Corollary 3.3, we have D
and Proof. If G is 2-connected, then (iii) holds, so we can assume that G has a cut-vertex v. If G has a pendant vertex, then (ii) holds. Thus, we may assume that each pendant vertex of G − v has to be adjacent to v in G. Each component of G − v with k vertices is either a tree which has k − 1 edges and at least two pendant vertices, or a connected graph with at least k edges. In either case, the number of edges in the subgraph induced by that component and v is at least k + 1. Then in order for G to have n + 1 edges, G − v has to have two components. Each component is a path with its end vertices adjacent to v, or a cycle with one of its vertices adjacent to v, or a cycle with a path attached to one of its vertices with the other end vertex of the path adjacent to v. In either case, (i) or (iv) holds. Proof. The proof is by induction on n. If n = 5 or n = 6, then it is easy to verify that the theorem holds, so let n ≥ 7. By Lemma 4.6 one of the following four cases applies. 
